Experimental feedback control of quantum systems using weak measurements 
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A goal of the emerging field of quantum control is to develop methods for quantum technologies 
to function robustly in the presence of noise. Central issues are the fundamental limitations on the 
available information about quantum systems and the disturbance they suffer in the process of mea- 
surement. In the context of a simple quantum control scenario — the stabilization of non-orthogonal 
states of a qubit against dephasing — we experimentally explore the use of weak measurements in 
feedback control. We find that, despite the intrinsic difficultly of implementing them, weak mea- 
surements allow us to control the qubit better in practice than is even theoretically possible without 
them. Our work shows that these more general quantum measurements can play an important role 
for feedback control of quantum systems. 

PACS numbers: 02.30.Yy, 03.67.Ac, 42. 50. Ex, 03.65.Tq, 03.65.-w 



Quantum technologies, such as quantum computing or 
quantum key distribution, offer many advantages over 
their classical counterparts, but it is a major challenge 
to make these new technologies function robustly in the 
presence of noise. The field of quantum control — the ap- 
plication of control theory to quantum systems — offers a 
spectrum of techniques to develop robust quantum tech- 
nologies [TJ [5] . Control strategies can be efficient for driv- 
ing quantum systems to a known target state, with ap- 
plications ranging from phase estimation 3 , 1 and state 
discrimination [5J EJ , to controlled state evolution in cav- 
ity QED [7] , to the cooling of single atoms [5] and macro- 
scopic oscillators [9Tfl"3"j. 

One such technique from control theory — feedback 
control — monitors the system and feeds back corrections 
onto it. In classical feedback control strategies, it is al- 
ways beneficial to acquire as much information about the 
system as possible, in order to identify the best correc- 
tion. However, this approach is not generally appropriate 
for the control of quantum systems, where two features of 
quantum measurement become important. First, Heisen- 
berg's uncertainty principle imposes fundamental limits 
on the amount of information that can be obtained about 
a quantum system, even in principle. Second, the act of 
measurement necessarily disturbs the quantum system 
in an unpredictable way. These fundamental features 
of quantum mechanics require a reevaluation of conven- 
tional methods and techniques from control theory when 
developing the theory of quantum control. In particular, 
it suggests the use of variable strength or 'weak' mea- 



surements which balance the trade-off between in- 
formation gain and disturbance in quantum systems. 

In this Letter, we experimentally investigate a con- 
trol scheme of the smallest possible quantum system — a 
qubit — for which weak measurements are necessary to 
achieve optimal control. Motivated by the proposal of 
Branczyk et al. |15j . we demonstrate the stabilization of 
a single qubit, prepared in one of two non-orthogonal 
states, against dephasing noise [16]. Using weak mea- 
surements and active feedback, we achieve an improve- 
ment over even the theoretical best performance when 
using either strong projective measurements, or schemes 
without any measurement. In contrast to control schemes 
conditioned on one outcome of a weak measurement (and 
failure for the other outcome) |17j . our scheme uses ac- 
tive feedback and succeeds for any weak measurement 
outcome. 

We choose two non-orthogonal states because they 
serve as the simplest set of inputs demonstrating the 
limitation imposed by quantum measurement: due to 
their non-orthogonality, it is impossible to design a con- 
trol procedure that can perfectly discriminate the input 
state pQ and subsequently control the resulting (known) 
input against noise. Non-orthogonal qubit states are par- 
ticularly important in the well-known B92 quantum key 
distribution protocol [15] , 

Consider the stabilization of a qubit, which we will 
call the 'signal', prepared in one of two non-orthogonal 
states |^±)=cos 2l+)±sin ||— ) [19] . where 29 represents 
the angle between these two states on the Bloch sphere. 
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FIG. 1: (a) Schematic of a generic quantum feedback control 
procedure. A 'signal' qubit passes through a noisy channel, 
is subsequently measured and corrected based on the result. 
Our scheme is shown schematically in the boxes, (b) Exper- 
imental diagram. Qubits are encoded in the polarisation of 
single photons, (Horizontal \H) = \1), Vertical |V} = |0}) and 
manipulated with half waveplates (HWP) and quarter wave- 
plates (QWP). Optical modes are overlapped on a partially 
polarising beam splitter, with reflectivities Rh = 1/3 (Rv = 
1) for horizontally (vertically) polarised light . Conditional 
on there being only 1 photon in each input and output mode, 
the gate ideally applies the operation |0>(0|®1+|1)(1|®Z [23T - 
125] - The outcome of a projective measurement of the meter in 
the +/- basis [!§], using a polarising beamsplitter (Rh = 0, 
Rv = 1), determines a correction rotation on the signal qubit. 
Wave plate set A corrects for unwanted polarisation rotations 
induced by the fiber delay. A coincident detection event be- 
tween either (M+ & Si) or (M- & Si) signals a successful 
run. Photon pairs are generated via spontaneous parametric 
downconversion (spdc) of a type I BiBO crystal cut to pro- 
duce degenerate 820nm photon pairs. The crystal is pumped 
by a ~100mW beam at 410nm produced from second har- 
monic generation of an 820nm mode-locked Ti:Sa laser (rep. 
rate 80MHz). We spectrally filter the SPDC using ±lnm inter- 
ference filters centered at 820nm, then couple into two single 
mode fibres. Pump power is kept low so to reduce the pres- 
ence of multi-pair emission from SPDC 30, 31]. P-CELL is a 
Pockels cell. 



The signal qubit is transmitted through a noisy quantum 
channel that causes dephasing [16] . i.e., with probability 
p a phase-flip operator Z (where Z|0)=|0), Z\l)=— 11)) is 
applied to the system (where 0<p<l/2). This process 
can be described by a quantum operation p±—¥p'± on the 
initial state p± = \t^±)('ip±\, given by 



p± = (i -p)p± +pZp±Z. 



(1) 



We seek a control procedure, described by a map C, 
that can return the signal as close as possible to its ini- 
tial noiseless state, independent of which initial state was 



prepared; see Fig. [T^,. To quantify the performance of C 
we use the average fidelity F between the noiseless input 
state and the corrected output state. 



F = \[(^ + \C(p' + )\^ 
= \{F^ + + F it _) . 



(2) 
(3) 



A general quantum feedback control scheme allows for 
a variable-strength, non-destructive, measurement of the 
qubit state. The result of this measurement then de- 
termines the sense of a correction rotation. We now 
develop an alternate scheme [20] to the one presented 
in Ref. [TS]. In particular, we choose a family of weak 
measurement that, in addition to allowing for optimal 
control, exhibits interesting limiting cases with which to 
compare performance. Consider a measurement in the 
logical basis {|0), |1)}, with measurement operators [16] 



M+=cos(x/2)|0)(0| 
M_=sin(x/2)|Q}(0|. 



-sin( X /2)|l)(l| 
cos( X /2)|l)(l| 



(4) 
(5) 



where x ranges from to 7r/2. The corresponding 
positive operator-valued measurement operators [IS] are 
given by n ± =Mj.M±=[l ± cos (x)Z]/2, where 1 is the 
identity operator. Defining the measurement strength as 
cosx, we have x=7r/2 (x=0) corresponding to no mea- 
surement (projective measurement). Based on the weak 
measurement outcome ±, we then perform a correction 
rotation Y± v by an angle ±77 around the y-axis of the 
Bloch sphere, i.e., Y± v = exp(±ir]Y) [21"] . 

The average fidelity of this scheme can be optimized 
(analytically) over the correction angle, yielding 



F(6,p,x) 



1 + 1 

2 ' 2 



{l-(l-(l-2p) sinx) cos 2 6»} 2 



cos 2 x cos 2 1 



1/2 



, (6) 



for a correction angle 



77o P t(6>,p,x) = tan 



cos x cos 9 



l-(l-(l-2p) sinx) cos 2 6> 



(7) 



In the case of zero strength (x=7r/2), no measurement 
is performed, and Eqn. |7|) yields an optimal correction 
rotation of 77=0. We call this the 'do-nothing' (DN) con- 
trol scheme. In the case of maximum strength projec- 
tive measurement (x = 0), there is in general a non-zero 
optimal correction rotation angle. This measurement in 
this scheme is the well-known Helstrom measurement [55] 
that achieves the highest probability of discriminating 
between the two non-orthogonal states p'±, and so we 
refer to this as the 'Helstrom' (H) scheme. 

In general, neither the DN scheme nor the H scheme 
correspond to the optimal control protocol. Maximizing 



3 




(b) 




0.5 
0.4 
0.3 
0.2 
0.1 
0.0 



FIG. 2: (a) Contour plot of the optimal measurement 
strength cosxopt as a function of p (the noise probability) 
and 8 (half the angle between the two non-orthogonal qubit 
states, on the Bloch sphere), (b) Contour plot of Fdiff rep- 
resenting the improvement to the control scheme achieved by 
allowing for variable strength measurements, see text. The 
dashed line shows the cases where F dn=F h ■ Below this 
line Fbn>Fh i.e. the Helstrom scheme (H) performs worse 
than doing nothing at all. This clearly emphasises that strong 
measurements are not generally appropriate for the control of 
quantum systems. 



Eqn. ^ with respect to x yields 

(1 - 2p) sin 2 9 



Xo P t(0,p) = sin" 



1 - (1 - 2p) 2 cos 2 



(8) 



Fig. [2^, shows a contour plot of the optimal measurement 
strength cosx op t. Except for limiting cases of the initial 
conditions (0={O, 7r/2},p={0, 0.5}) neither the H nor DN 
schemes are optimal, i.e., in general there is always a 
non-trivial measurement strength which optimises control 
performance. Substituting Eqn. (|8| into Eqn. ([6]) yields 
a final expression for the optimum fidelity: 



F op t(0, P ) = | 



sin 



l-(l-2p) 2 cos 2 i 



1/2 



(9) 



In Ref. [15], it was shown that this average fidelity is 
the optimal performance that can be achieved by any 
feedback control scheme (all possible physical maps). 

To quantify the improvement offered by vari- 
able strength measurements we consider the quantity 
F diS =F opt -max{F H . F DN }, which is graphed in Figj^D. 
The largest improvement, i 7 diff=0.026, occurs at 0=0.715 
and p=0.115. 

We implement the general control strategy in a pho- 
tonic architecture, encoding qubits into the polarisation 
of single photons, see Fig. [T]d. The required variable 
strength quantum non-destructive measurement on the 
signal qubit is realised by entangling it to another 'me- 
ter' qubit (photon) using a non-deterministic linear op- 
tic controlled-z (cz) gate [2"3"H2"5"] . then performing a full 
strength projective measurement on the meter. This im- 
plements a measurement on the signal (Eqns. Q-^) 



with a strength determined by the input meter state 
\4>)= cos f|+)+ sin ||— ), as described in [26] . 

The sign of the correction rotation on the signal pho- 
ton, ±7/ of Eqn. p| , is determined by the outcome of the 
meter measurement, i.e., whether detector M + or M_ 
fires (see Fig. [T]b) . We implement this correction using 
a 3mm Rubidium Titanyl Phosphate (RTP) Pockels cell 
with a half-wave voltage of ~700 V at 820 nm. A sim- 
ilar scheme to perform classical feed-forward based on 
the outcome of a measurement was implemented in |27] 
which allowed for a minimum-disturbance measurement 
of polarisation encoded qubits. We adjust the correction 
r\ by varying the applied voltage. Rather than requir- 
ing the Pockels cell to implement two different rotations 
(±77) we use fixed wave plates (labelled signal analysis in 
Fig.[T]D) to always rotate the signal by —n, and the Pock- 
els cell to rotate by +2n conditional on the meter outcome 
M + . To allow time for the outcome of the meter mea- 
surement to be processed and to trigger the Pockels cell, 
we send the signal photon through 50m of optical fiber. 
The birefringence of this fiber causes unwanted polarisa- 
tion rotations which are removed using additional wave 
plates, see Fig. [T]d. 

Noise on the signal state is implemented by making use 
of the decomposition of Eqn. (JlJ into an ensemble of pure 
states {p± , Zp±Z}, weighted by the noise probability. 
For each measurement strength, we perform state tomog- 
raphy on the signal output for each input state p± and 
Zp±Z separately. The count rates are then combined, 
weighted by the noise probability p, and the noisy den- 
sity matrix is reconstructed via a linear inversion |28[l29j. 
At the output of the optical circuit we observe a count 
rate of approximately 100 coincident photon pairs per 
second. 

We implement the feedback scheme at 0=0.715, 
p=0.145 (a point at which our theoretical analysis pre- 
dicts close to the largest improvement F di g, Fig. 2]d) 
and three measurement strengths: zero (cos x=0, the 
DN scheme); the theoretical optimal value (cos Xopt)', and 
maximum (cos%=l, the H scheme). Fig [3^, compares the 
experimental results with the ideal and a model that in- 
cludes experimental imperfections. This model allows 
for measured imperfections in the reflectivities of the 
central beamsplitter in the entangling (cz) gate [2"3T|25| . 
Fig. [TJa, which deviated from ideal by around a percent 
(Rh =0.345, i?y=0.995). The close fit between our exper- 
imental model and results shows that the main limiting 
factors in our experiment are imperfections in the prop- 
erties of manufactured optical elements. We attribute 
the remaining differences between the model and data to 
thermal drift during experiments. 

The key result is that our experimental control pro- 
tocol performed best (on average and for each indi- 
vidual state) when employing an intermediate strength 
measurement: the highest measured average fidelity 
achieved is F opt =0.947±0.001 at a measurement strength 
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FIG. 3: Experimental results of our quantum feedback control procedure, (a) Fidelities between input and output states 
(Eqns 2-3), as a function of measurement strength (cosx)- The model is discussed in the text. Error bars are calculated from 
poissonian photon counting statistics, (b) Corresponding output states presented as vectors on the Bloch sphere. Light grey 
vectors are those predicted by the experimental model, as in panel a. of the figure. The coloured vectors correspond to coloured 
points in panel a., and the corresponding measurement strength is shown next to each vector. 



of cosx=0.93. Furthermore, this result is higher than 
even the theoretical best performance of the limiting 
schemes (Fjj=0.9344>Fdjv), i.e., despite experimental 
imperfections, the use of intermediate strength measure- 
ments produce higher fidelity than a perfect experiment 
constrained to using the DN or H strategies. Fig. ^jr> 
presents the six states, from which the fidelities in Fig.|3ji 
were deduced, as vectors on the Bloch sphere. 

In conclusion, we have demonstrated quantum feed- 
back control on a single quantum system - a photonic 
polarization qubit. We demonstrated the use of weak 
measurement in obtaining the optimal tradeoff between 
information gain and measurement back-action. This 
motivates the investigation of generalized measurements 
for control protocols in a range of quantum systems, 
where quantum control will ultimately be used for re- 
alizing quantum technologies. 

We acknowledge Agata Brahczyk, Andrew Doherty 
and Alexei Gilchrist for valuable discussions. This re- 
search was supported by the Australian Research Coun- 
cil. 
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